Let S k denote the star with k edges. A balanced S k -decomposition of a multigraph G is a family D of subgraphs of G whose edge sets form a partition of the edge set of G such that each member of D is isomorphic to S k , and every vertex of G belongs to the same number of members in D. In this paper, we obtain the following results:
Introduction and preliminaries
For an integer k 1, let S k denote the star with k edges. For k 2, the vertex of degree k in S k is called the center of S k and any vertex of degree 1 is called an endvertex of S k . Let G be a multigraph. A decomposition of G is a family of subgraphs of G whose edge sets form a partition of the edge set of G. For k 1, an S k -decomposition of G is a decomposition of G of which each member is isomorphic to S k . An S k -decomposition of G is balanced if every vertex of G belongs to the same number of members in the decomposition. For k 2, an S k -decomposition of G is center balanced if every vertex of G is the center of the same number of members in the decomposition.
Suppose that G is a multigraph. Let x and y be distinct vertices of G. We use deg G (x) to denote the number of edges incident with x, and e G (x, y) to denote the number of edges joining x and y. When the multigraph G is clear from the context, deg x is used instead of deg G (x) . If deg G (x) is a constant for all vertices x in G, then G is a regular multigraph; furthermore, if the constant is r, we say that G is r-regular.
For a graph G and a positive integer , we use G to denote the multigraph obtained from G by replacing each edge e of G by edges with the same ends as e. In this paper, is always a positive integer. Let K m denote the complete graph on m vertices, let K m (n) denote the complete m-partite graph of which each part has n vertices, and let K m,n denote the complete bipartite graph with parts of cardinalities m and n. Obviously K m (n) is a regular multigraph, and K m (1) = K m . A necessary and sufficient condition for K m to have a balanced S k -decomposition was obtained by Huang [4] . A more general result for K m (n) was obtained by Ushio [9] . To generalize these results (Corollaries 2.4, 2.5 in this paper), we consider in Section 2 the balanced S k -decomposition of regular multigraphs and have Theorem 2.2 as the main result. In Section 3 we consider the balanced S k -decomposition of K m,n . It is easy to see that a multigraph has a balanced S 1 -decomposition if and only if it is regular. Thus every regular multigraph has a balanced S 1 -decomposition, and K m,n has a balanced S 1 -decomposition if and only if m=n. We consider the balanced S k -decomposition for k 2. Hereafter we let k be an integer 2 unless otherwise stated.
Suppose that G is a multigraph, D is an S k -decomposition of G, and x is any vertex of G. In what follows, let u D (x) be the number of S k 's in D of which x is the center, v D (x) be the number of S k 's in D of which x is an endvertex and t D (x) be the number of S k 's in D of which x is a vertex.
By the definitions, we have
Counting the edges incident with x, we have
From (1) and (2), we obtain
equivalently,
Also, from the definitions, D is center balanced if and only if u D (x) is a constant for all x ∈ V (G). And D is balanced if and only if t D (x) is a constant for all x ∈ V (G).
We need some more notations and results for our discussions. Suppose that G is a multidigraph. Let x and y be distinct vertices of G. We use deg 
Balanced S k -decomposition of regular multigraphs
This section is devoted to prove a necessary and sufficient condition for regular multigraphs to have balanced S k -decompositions. We begin with the following lemma: 
, which is a constant. Hence D is center balanced.
Sufficiency: Suppose that D is center balanced. Let u be the number of
Now we prove the main result of this section. 
Since r = 2kl is even and each e G 1 (x, y) is even, we see that deg G 2 (x) is even. By a well known theorem of Euler, each nontrivial component of G 2 has an Euler tour. (An Euler tour in a graph is a closed walk which traverses each edge of the graph exactly once. See, for example [1, pp. 51-52] for this result.) Now we orient the edges of G. Begin with those of G 2 . The edges in each nontrivial component of G 2 are oriented as follows. Suppose that x 1 x 2 x 3 · · · x p x 1 is an Euler tour of a nontrivial component of G 2 . Then, for i = 1, 2, . . . , p, we orient the edge x i x i+1 from x i to x i+1 , where x p+1 = x 1 . Thus, for each x ∈ V (G 2 ) there are the same number of edges in G 2 oriented from x as those oriented to x. As to the edges in G 1 , among the edges joining every pair of vertices x and y, half of them are oriented from x to y, and the other half from y to x. Let G be the digraph thus obtained from G.
We have, for each x ∈ V ( G)
And for every x, y ∈ V ( G) with x = y,
This completes the proof.
An immediate corollary follows from Theorem 2.2. For a positive integer n, let Q n denote the n-dimensional cube, i.e., Q n is the graph with vertex set { (a 1 , a 2 , . . . , a n ) : a i =0 or 1, i=1, 2, . . . , n} such that two vertices are adjacent if and only if they differ in exactly one component. Obviously Q n is n-regular. Corollary 2.6. Q n has a balanced S k -decomposition if and only if n ≡ 0 (mod 2k) and k n.
For an integer n 3, let n 1 , n 2 , . . . , n p be positive integers with n 1 < n 2 < · · · < n p n/2. Then the circulant graph C n (n 1 , n 2 , . . . , n p ) is the graph with vertex set {v 1 , v 2 , . . . , v n } and edge set {v i v j : i = 1, 2, . . . , n, j ≡ i + n t (mod n), 1 t p}. It is obvious that when n is even and n p = n/2, C n (n 1 , n 2 , . . . , n p ) is (2p − 1)-regular; otherwise it is 2p-regular. Corollary 2.7. C n (n 1 , n 2 , . . . , n p ) has a balanced S k -decomposition if and only if
For a positive integer n, let n 1 , n 2 , . . . , n p be positive integers with n 1 < n 2 < · · · < n p n. Then the crown CR n (n 1 , n 2 , . . . , n p ) is the graph with vertex set {a 1 , a 2 , . . . , a n , b 1 ,  b 2 , . . . , b n } and edge set {a i b j : i = 1, 2, . . . , n, j ≡ i + n t (mod n), 1 t p}. It is easy to see that CR n (n 1 , n 2 , . . . , n p ) is p-regular. 1 , n 2 , . . . , n p ) has a balanced S k -decomposition if and only if p ≡ 0 (mod 2k) and k p.
Corollary 2.8. CR n (n
Remark. In the following we list the known results about S k -decompositions (not necessarily balanced) of the above regular graphs. Here k 1.
Proposition 2.9 (Bosák [2, p. 104], Tarsi [6]). Let m 2 be an integer. Then K m has an S k -decomposition if and only if
m(m − 1) ≡ 0 (mod 2k) and m 2k = 1, k + 1 is even, k + 1 + k/ 3 is odd.
Proposition 2.10 (Bosák [2, p. 105], Ushio et al. [10]). Let m 2 be an integer. Then K m (n) has an S k -decomposition if and only if m(m − 1)n 2 ≡ 0 (mod 2k) and mn 2k.
The following result about S k -decompositions of n-dimensional cubes was obtained by Bryant et al. [3] . Their proof used the existence of Hamming codes of length 2 m − 1 and constructions based on properties of finite vector space.
Proposition 2.11 (Bryant et al. [3, Theorem 1]). The n-dimensional cube Q n has an S k -decomposition if and only if n2 n−1 ≡ 0 (mod k) and k n.
Investigations of S k -decompositions of circulant graphs and crowns appeared in [5] . C n (1, 2, 3, . . . , p) has an S k -decomposition if and only if np ≡ 0 (mod k) and k p + 1. C n (1, 2, 3, . . . , p) has an S k -decomposition if np ≡ 0 (mod k) and k p.
Proposition 2.12 (Lin et al. [5, Theorem 3.4]). Let p, n be positive integers with n 3, p < n/2. The circulant graph

Proposition 2.13 (Lin et al. [5, Corollary 3.2]). Let , p, n be positive integers with n 3, p < n/2. The circulant multigraph
Proposition 2.14 (Lin et al. [5, Theorem 2.2]). Let p, n be positive integers with p n.
The multicrown CR n (1, 2, 3, . . . , p) has an S k -decomposition if and only if np ≡ 0 (mod k) and k p. (1, 2, . . . , p) , C n (n 1 , n 2 , . . . , n p ), and CR n (n 1 , n 2 , . . . , n p ) are worthwhile. 
Further investigations of
And in addition to (5), 
For this end, we orient the edges of K m,n . First consider the case u 2 = 0. We have, by (5), u 1 k = n and hence u 1 > 0, which implies, by (6), k n; in turn, it implies u 1 . We orient all edges in K m,n from M to N. Then for x ∈ M, y ∈ N , we have deg
, and e + (y, x) = 0 u 2 . Thus (7)- (10) hold. Now consider the case u 2 > 0. First, for j =0, 1, 2, . . . , n−1, the edges y j x ju 2 k , y j x ju 2 k+1 , y j x ju 2 k+2 , . . . , y j x (j +1)u 2 k−1 are all oriented outward from y j where the subscripts of x are taken modulo m. Note that from each y j , we orient u 2 k edges. Since the degree of each y j in K m,n is m and by (5), u 2 k m, these assure us that there are enough edges for the above orientation. Note also that if u 2 k > m, oriented edges with multiplicity greater than one occur. The edges which are not oriented yet are all oriented from M to N.
We check that the orientation satisfies (7)- (10) . From the construction of the orientation, it is easy to see that for all y j ∈ N, and all x i , x i ∈ M, we have
As (11) is the same as (9), we only need to check (7), (8), and (10).
Thus e + (y j , x i ) u 2 since k m. This proves (10). Since deg + x i +deg − x i = n for x i ∈ M, it follows from (13) that |deg
This proves (7). Lastly we prove (8) . We have
u 1 (by (6) ).
We now consider balanced S k -decomposition of K m,n . Recall that if D is an S kdecomposition of a multigraph G, then for each vertex x of G, u D (x) denotes the number of S k 's in D of which x is the center, and t D (x) denotes the number of S k 's in D of which x is a vertex. 
Hence, by (3), we have
.
Similarly, we have
Thus t D (x) is a constant for all x ∈ M ∪ N , which implies that D is balanced. 
Proof. Necessity: Let D be a balanced S k -decomposition of K m,n . By the necessity of Lemma 3.2,
Since u D (x) 0 for x ∈ M, we have nk − m 0, which implies k m/n. Also since S k is a subgraph of K m,n , we have k max{m, n}, which implies k m for the assumption m n. Thus, m k m/n. This establishes (A). Now prove (B). In the case k > n, no S k in D can have its center in M. Thus u D (x) = 0 for x ∈ M, which implies nk = m. Now consider the case n k. Since u D (x) is an integer for x ∈ M, we have
Similarly, since u D (x) is an integer for x ∈ N , we have
)). This completes (B).
Sufficiency: We will apply Lemma 3.1. Let
. The following is the generalization of the above result to complete bipartite multigraphs, which was mentioned in [8] . As to the generalization of Proposition 3.5 to complete r-partite graphs, the readers are referred to [7] for Tazawa's result. Further investigations of S k -decomposition, balanced S k -decomposition, and center balanced S k -decomposition of complete r-partite multigraphs are worth while.
